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1. Introduction 
The task of establishing the geometrical foundations of field theory and the varia- 
tional calculus was not taken seriously until the late sixties. The development of gauge 
theories as very fundamental models for physical theories has been a highlight in the 
history of the subject. This history may have been short but it has not been insignif- 
icant; an enormous amount of work has been done trying to explore to its deepest 
roots the geometrical structure of Lagrangian field theories and the calculus of vari- 
ations [2,9,10,15,17,19]. As a result of this work it has emerged as a fundamental 
principle that fields are sections of a vector bundle E 3 M over some parameter space 
M. It seems to us, however, that there are aspects of the foundations of the classical 
theory of fields that remain obscure, or are still presented in a misleading way. The 
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general purpose of these notes is to discuss some very basic geometric structures lying 
in the realm of field theory that throw light on some of these points. 
It is now generally accepted that the geometrical approach has led to a consider- 
able improvement in our understanding of classical particle mechanics. The fundamen- 
tal concept of geometrical Hamiltonian mechanics is that of a symplectic structure, 
which is the axiomatic description of the phase space of a mechanical system [1,3]. 
It is notable that the geometrical picture of Lagrangian field theories lacks the notion 
of the corresponding “covariant cotangent bundle” of the bundle E ---f M. Further- 
more, the development of symplectic geometry has been crucial to the construction 
of a reasonable scheme of quantization for classical mechanical systems, namely ge- 
ometric quantization [21]; but at present there is no satisfactory scheme of covariant 
geometric quantization of fields. The role played by momentum maps in a proper for- 
mulation of Noether’s theorem and reduction theorems in classical mechanics is also 
widely recognised; this notion has escaped recognition in the ordinary approaches to 
field theories. 
There has been considerable recent interest in the appearence of anomalous terms 
in the commutation rules for the current algebras of groups of symmetries of some 
Lagrangian field theories. Although the investigation of these anomalies has been a 
major topic in quantum field theory for several years [9,12], it has become evident only 
recently that they are cohomological in origin. On the other hand, it is well-known that 
in classical mechanics symmetries carry cohomology [20], this cohomology appearing, 
for example, in the equivariance properties of the momentum map. It is apparent that 
every effort should be made to clarify the analoguous relations between symmetries 
and cohomology in Lagrangian field theories. Much of the confusion surrounding these 
matters comes from the special place that gauge symmetries have in the formulation 
of physical theories. It is an elementary observation in classical mechanics that contact 
symmetries are not the only relevant ones in the discussion of the symmetry properties 
of a given system. A similar observation should be made for field theories. It has become 
a common belief in field theory that any plausible Lagrangian field theory should be 
gauge invariant, meaning by this that the Lagrangian of the system is invariant under 
the full group of bundle automorphisms of the underlying vector bundle. This principle 
may be appropriate for a Lagrangian field theory modelled on a vector bundle over 
the physical space-time; but it need not apply in the case of a Lagrangian field theory 
modelled over a parameter space with different physical meaning. Furthermore, there 
is no reason for a gauge invariant Lagrangian system not to have other symmetries 
not necessarily coming from transformations of the underlying vector bundle. Pursuing 
this idea we should ask ourselves what is the correct formulation of the notion of 
symmetry and conserved current for more general symmetries than gauge symmetries 
in Lagrangian field theories. 
We feel that all these questions-as well as many others-deserve attention from the 
perspective of the geometrical foundation of the theory. The first part of the present 
paper is therefore devoted to a careful discussion of the geometrical constructions 
appropriate to first order field theories. We emphasise first of all the importance of 
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concepts of affine geometry in these constructions. Starting with a bundle E 3 M, 
dimM = m, one can derive from basic affine geometry the notion of the dual jet 
bundle of the jet bundle Jrn. The space MK of affine maps from Jr7r to IR comes 
equipped in a natural way with a canonical m-form (in very much the same way as 
T’Q, the cotangent bundle of the manifold Q, is equipped with a canonical l-form). It 
also possesses a natural fibration over an affine bundle over E, that we shall call the dual 
jet bundle Jra* of Jrn. The space MT is the model for the notion of multisymplectic 
manifolds and Jrr* is the model for covariant phase spaces. 
The starting point for our work on these topics was a comparison of the multisymplec- 
tic structure for field theories as described by Gotay et al. [ll] and the polysymplectic 
structure defined by Gunther [13]. Our proposal for the geometry of first order field 
theory may be thought of as a synthesis of these two approaches. It has to be admitted 
that our structure fails to satisfy the first of the criteria for a multidimensional Hamil- 
tonian formalism laid down by Gunther, since two spaces are involved, not just one; 
however, the advantage in terms of clarity is obvious to us, and we hope to our readers 
too. 
One interesting feature of the theory as we develop it is that the Hamiltonian, rather 
than being a function on JIK*, is a section of the bundle MT -+ J~K*. Its use permits 
us to write down an intrinsic version of the covariant Hamilton equations on Jln*. 
We shall develop below structures related to multisymplectic manifolds such as 
Hamiltonian vector fields and Hamiltonian forms (which play the role of the observ- 
ables of the theory); and we shall thoroughly discuss group actions on multisymplectic 
manifolds. Cohomology and momentum maps arise in the same way as they do in 
symplectic mechanics but with the added feature that higher order cocycles come into 
the play. We show that, rather than 2-cocycles as is the case in classical mechanics, 
the cocycles arising from symmetries of a field theory are (m + 1)-cocycles on the Lie 
algebra of the group. 
The notions of both symmetries and gauge transformations are very natural in the 
setting of multisymplectic manifolds associated to fiber bundles, but they are very 
different in nature. Of course when dealing with the very special case of prolongation of 
bundle automorphisms, both notions coincide and we recover the standard results. The 
systematic development of cohomology theory for groups of symmetries in field theory 
leads us to the observation that cocycles appearing in the current algebra commutators 
are closely related to the gauge-invariance properties of the corresponding Lagrangian. 
In contrast to the generally accepted belief that anomalous terms appear because of 
the breaking of gauge invariance, we shall show that such cocycles can appear even for 
gauge invariant Lagrangians. 
The organization of the paper is as follows. The second section of the paper (following 
this introduction) will be devoted to the description of some basic facts about affine 
geometry which are needed in the subsequent constructions. Section 3 deals with the 
main structures associated with a fiber bundle: the multisymplectic manifold MK, the 
dual jet bundle J~A*, Hamiltonians, Hamilton equations, the vertical endomorphism 
in the first jet bundle Jls, Lagrangians, the Cartan form, Euler-Lagrange equations, 
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gauge forms, and the Legendre transformation. Section 4 provides a systematic account 
of the geometry of group actions on multisymplectic manifolds, and the corresponding 
cohomology theory. Hamiltonian vector fields, the short exact sequence of Lie algebras 
associated to any multisymplectic manifold, multisymplectic group actions, momentum 
maps and their equivariance properties are discussed here as well as the construction 
of a family of cocycles on the Lie algebra of a given group of transformations with 
values in the cohomology groups of the multisymplectic manifold. The fifth section 
is devoted to a discussion of the theory of group actions as described above in the 
context of Lagrangian and Hamiltonian field theories. Symmetries, current algebras 
and Noether’s theorem are restated along these lines, and the section ends with a 
detailed account of the relation between symmetries and gauge transformations as well 
as its cohomological implications. In the sixth and final section there are some examples. 
2. Basic structures 
2.1. Affine duals. Let Jz be an affine space modelled on a finite dimensional real 
vector space V. A real-valued function f on A is an afine function if it is an affine 
map A -+ R, that is to say, if there is an element q of V* such that, for all al, u2 E d, 
f(Q) - f(a2) = (a1 - a24 
An affine function f has the coordinate representation 
f h) = f0 + a"(&',, 
where fo = f(uo), ug is the origin of coordinates, (uk) are the coordinates of a, or in 
other words the components of the vector a - au with respect to a given basis for V, 
and (qk) are the components of v with respect to the dual basis for V”. The space 
Aff(d, R) of affine functions on a given affine space A is itself an affine space, and the 
constant functions (which are clearly affine) form an affine subspace. (Strictly speaking 
we are regarding IR here as a l-dimensional affine space.) 
The quotient affine space, that is the set of equivalence classes of affine functions 
differing by constant functions, will be called the dual of A and denoted by A*; thus 
A* = Aff(d,IR)/R h w ere the R in the quotient is the space of constant maps. In fact 
A* is isomorphic to V* (considered as an affine space), since the affine maps in each 
equivalence class are precisely those that have the same linear part. With respect to 
affine coordinates for A an affine function takes the form a H p + pkU” for certain 
coefficients p, pk. We may take these for coordinates on Aff(d, R). The pk then serve 
as coordinates on .A*, in the sense that (pk) are the coordinates of the equivalence class 
of the affine function a H &ok. 
2.2. Affine spaces of sections. Consider a short exact sequence of finite dimensional 
vector spaces 
o+v-ur,w+o. 
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Let C be the set of sections of a, that is, the linear maps u: W + U such that 
r o Q = idw. Thus each (T E C defines a splitting of the exact sequence, and the image 
of u is a subspace of U complementary to U. Given any u E C and any linear map 
X: W --f V we may define a new section (T + X by 
(u + X)(w) = U(W) + qw>. 
With the action of Lin(W, V) (the vector space of linear maps W -+ V) defined in this 
way C becomes an affine space modelled on Lin(W, U). 
Choose a basis {ei} for W and a basis {e,} for V. Take the corresponding basis 
{e, @ fY} for L(W, V) 2f V 63 W’, where {@} is the basis for W dual to {e;}. Let ue 
be a fixed element of C. Then for any u E C 
u = u. + (u - UO) = uo + ytee, @ Oi 
for certain coefficients yg, which we take for the coordinates of u with respect to ue as 
origin and {e, 8 Oi} as basis. 
The affine dual C’ is modelled on the dual of the vector space Lin( W, V) or V @I W*, 
which is (V @ W*)* N W @ It* N Lin(V, W). Th e p airing defining the duality between 
Lin(W, V) and Lin(V, W) is g iven by taking the trace of the composition of an element 
of each space. 
The space of affine functions Aff((C,IR) has coordinates p,&, where the coordinate 
form of the corresponding affine function is p + pi yg. For coordinates on C’ we may 
take the pk. 
There is a natural realisation of Aff(C,IR) in terms of m-forms on U, where m = 
dimW (and a form in this vector space context is just an alternating multilinear func- 
tion); after all, an m-form on U is, roughly speaking, a rule for assigning numbers to 
m-dimensional subspaces of U. To make this idea more precise we proceed as follows. 
First we choose a volume form vol on W. Then for any m-form w on U and for any 
u E C, u*w is an m-form on W and may therefore be expressed as a multiple of vol: 
u*w = ti(u)vol. 
Then G is a function on C. This function may be evaluated in terms of a basis {e;} for 
w: 
b(u) = w(u(el>, u(e2), . . . , u&J) 
vol(el,eg,...,e,) ’ 
It is obviously convenient to choose a basis {e;} for which 
vol(er,e2,. . . ,e,) = 1. 
We now find the conditions under which Lj is an affine function. For any X E L(W, V) 
;(a + A) - b(u) = ew(u(el), . . . ,A(ej), . . . , u(h)) t . . . 
j=l 
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where the unspecified terms contain two or more arguments involving (X). 
i&&w = 0 for all q, ~2 E V. 
In order for cj to be an affine function on C this expression must be linear in X, and so 
the unspecified terms must all vanish. The necessary and sufficient condition for this 
is that w should give zero whenever two (or more) of its arguments belong to U, or in 
other words that 
i,&w = 0 for all 81,2)2 E V. 
We denote the space of m-forms satisfying this condition by AT(U). 
With respect to a basis {e;} for W such that vol(er, e2,. . . , em) = 1, a basis {e,} 
for U, a fixed section 00 of A, the corresponding basis {gu(e;), e,} for U and the dual 
basis {@, P} for Zf’ we may write any w E A;“(U) as 
w = p 7r*vo1+ pi,P A ?r*(i,,vol) 
for some coefficients p,pi. The corresponding affine function & is p + p”,yg. The space 
of m-forms AT(U) is isomorphic to Afl’(C,IR). The constant functions correspond to 
basic forms, that is to say multiples of ~*vol; we denote the space of such forms by 
A;T”(Z4). Thus C’ is isomorphic to AT(U)/ AT(U). 
2.3. The Legendre map. We consider now arbitrary (that is, not necessarily affine) 
functions on affine spaces. Let L be a smooth function on an affine space A. Given any 
point an of A the first order Taylor approximation to L about au, given by 
a H L(ao) t (o - ao, dLl,J, 
may be regarded as the ‘best affine approximation’ to L based at au. (In the expression 
for the Taylor approximation we have implicitly k+ntified T,*,(d) with V*.) Thus each 
smooth function L on A defines a smooth map 3L: A + Aff(d, R) by 
Z(u)(h) = L(u) + (ci - u,dLI,). 
Composing this map with the projection Aff(d, R) ---f A* gives a map 
3L:d+d* 
which is called the Legendre map corresponding 
In terms of coordinates 
E(u)@) = L(u) + (6” - ui,$u) 
to L. 
and so % is given by 
a H L(a) - uk$(u), S(u) . ( > 
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The Legendre map 3L is given by 
If the function L is actually affine, so that 
L(al) - L(a2) = (al - a244 
for some cp E V*, then 
E(a)(b) = L(a) + (6 - a,y) = L(h) 
so ?% is the constant map a H L, and 3L is the constant map whose value is the 
set of affine functions differing from L by a constant, that is to say, the equivalence 
class of affine functions determined by 9. Conversely, a smooth function on A whose 
associated Legendre map is constant is necessarily an affine function. 
In the case of an affine spa2 C of splittings of a short exact sequence of vector 
spaces the coordinate form of 3L for a smooth function L on C is 
If, however, we identify Aff(C,R) with A;“(U) we may think of the construction as 
associating with each Q E C an m-form OL(~) E Ay (U), namely 
o&7> = ( i3L L(a) - yq- u 8Y? ( )> 7r*vo1+ $0,8” A ?r*(i,,vol) 1 
= L(o) ?r*vo1+ -$cr)(Ba - yp&> A n*(i,ivol). 
t 
We can regard this as defining an m-form on U x C which is semi-basic with respect 
to projection onto the first factor. It is the Cartan m-form associated with L. Note 
that if L is actually an affine function then @I;(O) is just the m-form corresponding to 
that affine function; in particular it is independent of O, and is therefore a basic form 
(considered as a form on 24 x C). 
3. Lagrangian and Hamiltonian systems 
3.1. Affine bundles. A fibre bundle B z M is an afine bundle if each fibre is an 
affine space modelled on the corresponding fibre of a vector bundle V 1, M [7,18]. 
Affine bundles always admit global sections [18]. 
If 4 and 4’ are two sections of an alline bundle B 4 M then for each x E h4 
4(z) - d’(z) is well-defined as an element of r-l(x), and so x H d(x) - 4’(x) defines 
a section of the vector bundle V & M on which B is modelled, which we denote by 
4- 4’. 
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3.2. The first jet bundle and its dual. Let E 5 M be a fibre bundle. At each 
y E E we have a short exact sequence of vector spaces 
where V,E is the vertical subspace of T,E, that is, the subspace consisting of vectors 
tangent to the fibre. Let C, be the space of splittings of this sequence. It is an affine 
space modelled on Lin(T,(,)M,V,E). Th e set U, C, is the total space of an affine 
bundle over E modelled on the vector bundle VE 8’~ ?T*T* M, where VE is the vertical 
subbundle of TE. This affine bundle is the l-jet bundle of the bundle E 5 M; we 
denote it by Jrn. The projection Jrn --f E is denoted by nf; and we write ~1 for the 
projection A o ny: Jrrr -+ M. 
By carrying out fibrewise the constructions defined earlier for affine spaces we can 
define the affine dual bundle Jrr* of Jr R. The dual Jrr* is an affine bundle over E, 
modelled on n*TM @E VE*, with projections 7:: Jrr* ---f E and 71: Jrn* -+ M. 
By identifying the space of affine functions on each fibre of Jrn with a space of 
m-forms (where m = dimM) we can regard J~A* as a quotient of a bundle of m-forms 
over E. Let A: E be the subbundle of the bundle A” E of m-forms on E consisting of 
those m-forms which give zero when r + 1 of their arguments are vertical (in the sense 
of being sections of VE over E); then we have a short exact sequence of affine bundles 
Here A: E is the bundle of semi-basic m-forms on E. The bundle AT E is an affine 
line bundle (l-dimensional affine bundle) over J~x*. 
The bundle AT E carries a canonical m-form, which may be defined by a generalisa- 
tion of the definition of the canonical l-form on the cotangent bundle of a manifold, a 
generalisation which applies to any bundle of forms of a given degree. Let v: r\r E + E 
be the projection. Then the canonical m-form 0 is defined by 
where w E AT E and 6; E T, A: E; in this definition one takes advantage of the fact 
that each w E AT E is just an m-covector on Tv(W)E. 
The closed (m + 1)-f orm d@ is said to define a multisymplectic structure on the 
bundle A;” E [ll]. 
An m-form on E is a section of AT E; but it is sometimes convenient to distinguish 
the map from the geometric object. We write c;i for the section corresponding to the 
form o; the two are related through 0 by 
G”O = w. 
Given coordinates (xi,y”) for E we have coordinates (si, ya,p,pi) on r\y E adapted 
to them. We assume given a volume form on M, and that the coordinates (xi) are 
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such that the volume form has the local expression dx’ A dx2 A . . . A dxm. The point 
w E Ay E with coordinates (xi, y”,p,&) is the m-covector 
p dmx + pi dy” A dmmlxi 
at the point of E with coordinates (xi, y”); here d”x stands for the volume form 
dx1Adx2A...Adxm,anddm-’ xi = ia,aztdmx. With respect to these same coordinates 
we have the local expression 
O = p dmx + j9: dy* A dmmlxi 
for 0, where p and p”, are now to be interpreted as coordinate functions. 
To underline the importance of the multisymplectic structure we now change nota- 
tion, writing Ma for the multisymplectic manifold A;” E. We shall denote the projec- 
tion Mn + E by V, as before; while the projection MYT ---f Jrr* will be denoted by p. 
Thus v = r; o p. 
The multisymplectic structure does not pass to the quotient Jrx*, and in fact there is 
no simple canonical object on J17r* corresponding to 0. The best one can do is to take 
p;dy” Ad m-1xi modulo semi-basic m-forms. An alternative is to use the vector-valued 
l-form 
which is essentially equivalent to the m-form via interior product with the volume. 
This vector-valued l-form has been called a polysymplectic structure [13] on J~A*, 
and the Hamiltonian theory of fields can be developed in terms of such a structure. 
However, this approach seems to us to be artificial and unsatisfactory; in particular, 
the arguments of the vector-valued l-form have to be restricted to vertical vectors, 
essentially because it corresponds to an m-form which is defined only up to equivalence, 
or in other words because it is not really a tensorial object. 
3.3. Gauge forms. As we have seen, each fibre ~-l(y) of the multisymplectic manifold 
u: Mn + E may be identified with the set of affine functions on the fibre of Jln --+ E 
over y E E, that is, functions on ($)-l(y) w ic are affine in the fibre coordinates. A h h 
section of MT + E may therefore be regarded as an affine function on Jlr, in other 
words a function affine on the fibres of Jln --) E. 
If a volume form vol is chosen on M then with each function f on Jlr we may 
associate a semi-basic m-form fnr*vol; and in particular with each affine function we 
may associate such a semi-basic m-form. 
In fact the affine structure of J~TT allows us to pick out in an invariant way those 
semi-basic m-forms which are affine, in the sense of depending affinely on the fibre 
coordinates of J1 T --+ E. The set of such forms is a module over C” E, which we 
denote by A% JUT. Given a volume form on M we may identify the set of affine 
functions, and therefore the set of sections of MT, with A% Jln; this identification is 
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of course dependent on which volume is chosen. In coordinates for which the volume is 
d”x the identification is 
p + pi,yg u (p + p;yT)dmx u pdmx + pi, dy* A dm-lx; 
where p and pi are functions of the xi and y”. For any section 5 of MT, with corre- 
sponding m-form w on E, we denote by ~2 the associated affine function on Jr?r, and 
by (s the associated element of AC&n (it being understood that a choice of volume 
form on M has been made). 
Notice that for any section CT of E t M, with l-jet jrcr, 
(jlu)*w = u*w. 
It follows that if w is closed then so is (jra)*o for every section u of E. 
An element 0 of Aff;r-Jrn is called a gauge form if w is closed. The 
terminology will now be explained. Suppose that, in local coordinates, 
w = (p + pi,yg)d”x 
as before. Then 
w = pdmx + p; dy* A dm-lx;, 
and so 
reason for this 
dw = ;yp 
aP: 
Tdya A dmx + zdz” A dy* A dm-‘xj + 
ap; 
-dy* A dyp A d”x. 
dY” 
Thus dw = 0 if and only if 
$=apk dP ap;, 
ay* dyP and ay*=dz”* 
Thus there are functions fi, defined locally on E, and f, defined locally on M, such 
that 
afi 
p; = - 
BY* 
and 
But we can always find functions gi, locally defined on M, such that f = 3gi/8xi, by 
PoincarC’s lemma applied to f d”x; and so without loss of generality we have functions 
Fi, locally defined on E, such that 
L3Fi 
P:, = dy* and 
Thus 
a= 
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Then if u is any (local) section of E, 
(j+)*w = a(@ O4dmx 
dXi 
or equivalently 
Ljojru = 
d(Fi 0 0) 
dxi * 
Thus LJ is (locally) a divergence. 
The condition that w is closed may also be simply expressed in terms of the multi- 
symplectic structure: it is 
b’d@ = 0. 
3.4. The vertical endomorphism on the jet bundle. Suppose given a volume form 
on M, as before. There is a vector-valued m-form S on Jrr, whose values are vertical 
over E, and which is given in coordinates for which the volume form is dmx by 
d 
S = ((dy” - yj”dxj) A d”-lx;) @ - 
ay; * 
It is called the vertical endomorph&m, and may be defined intrinsically [16]. We shall 
consider S as a map A’ Jln + A” Jln. 
If X is a vector field on Jln vertical over M then Lx.9 = 0 if and only if X is the 
prolongation to Jln of a vector field on E. The proof may be given most easily in 
coordinates, as follows. Suppose that 
We have to show that 
Now 
&S = (d[” - t;dxi) A dm-lx; 8 -& 
2 
- (dy” - yydx’) A dmmlxi 8 $6 + $ & . 
1 E k 
Thus LxS = 0 if and only if 
%? 
ag? = O 
and 
3 
(do” - ~~dx’) A drn-lxi = ~(dy~ _ y~dxk) A dm-lxj. 
y34 
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first of these in the second we obtain 
(~dy3-(,-~)dx’),dm-1x~=~(dyo-y~dxk)~dm-*xj 
from which the required result follows. 
3.5. Lagrangians and Cartan forms. A Lagrxngian is a (smooth) function on Jrn. 
The Cartan m-form 0~ associated with the Lagrangian L is 
OL = Lnr*vol+ S(dL) 
where vol is the volume form on M with respect to which 5’ is defined. In coordinates 
for which vol = dmx 
OL=Ldmx+ e(dy& - yydxj) A d@x; 
i 
= (L- gy;) dmx+ $dyff Adm--lx;. 
We may use a LagrangiaE function to define a Legendre map 3L: Jln + JUT* and an 
extended Legendre map 3L: Jln + MT, both fibred over the identity of E, by applying 
the affine definitions fibrewise. It is then apparent that the Cartan m-form depends on 
L through 2, and in fact 
A section (T of E ---t M satisfies the Euler-Lagrange equations for the Lagrangian L if 
(jlc)*(ixdOL) = 0 
for all vector fields X on Jr7r. In coordinates 
dOL = dL A dmx + d 
8L 
= -dy” A 
dY* 
dL 
- -dyr A dmx 
8Y;a 
m-l x; 
= (dyC” - y;dxj) A aLd”x-d(-&-) hdm-lx;). dy” 
Take, for a local basis of vector fields, 
1 d d d -$+yq- aYe’ dyCY’ ayq * > 
The interior products of d@L with the first and last of these give multiples of the 
contact forms dy” - yqdxi, which automatically vanish when pulled back to M by a 
First order multisymplectic formalism 357 
jet of a section. Thus the only significant case occurs when X = d/dy”, which leads 
to the conditions 
b4* ( gdmx-d(-g) hdm-lxi) =o 
which are equivalent to the usual Euler-Lagrange equations for the section 0. 
More generally, note that if L is regular, in the sense that the. matrix 
d2L 
is non-singular, then any section @ of Jrr + h4 which satisfies 
@*(ia,+/pdQL) = 0 
is necessarily the l-jet of a section of E ---f M. But even then, there is no further 
condition arising from the choice X = d/dxi + . * -. 
3.6. Hamiltonians. When the Lagrangian function is regular the extended Legendre 
map is a local embedding of Jr7r into MT as a codimension 1 submanifold, which is 
transverse to the fibres of p:Mn + JUT*. In favourable cases the image will actually 
define a section of p, in which case we shall say that the Lagrangian is hyperregular. 
With this as motivation we define a Hamiltonian on Jrn* to be a section of p. 
We may use a Hamiltonian section h to define an m-form on Jrn* by pulling back the 
canonical m-form 0 from MT: we call the form so obtained the Hamiltonian m-form 
associated with h and denote it by Oh; thus 
Oh = h*O. 
A section 4 of Jrr* is said to satisfy the Hamilton equations for a given Hamiltonian 
h if 
4*(ixdOh) = 0 
for all vector fields X on Jrr*. In terms of local coordinates (xi, y",&) for Jrn* and 
~~~myff,p,&) for MT the section h may be represented by a local function H in the 
p = H(xi, y”,pfJ. 
Then 
Oh = Hdmx + p:, dy* A dm-‘xi 
(where, as always, the coordinates on the base are chosen so that vol = Px). Then 
iajap:, d@h = 
dH 
ydmx + dy” A dm-lx; 
8P:, 
iajayad@h = 
8H 
-dmx - dpa, A dm-lxi 
dYCY 
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from which follow the Hamilton equations 
dy” dH l3p; tIH 
7=-7 
i3Xl 8Pz, 
and F=-. 
ax dya 
The equations obtained by taking X to be d/8xi are consequences of these, and simply 
express the partial derivatives of H o 4 as ‘total’ derivatives of H. (These are the 
equations which are classically written as 
dH dH dH i3ya t9H 8p& 
7= 
dx’ 
82’+dyac+-1.) 
X’ &2x 8X 
These Hamilton equations are often described as being covariant. This term must be 
treated with caution in this context. Clearly, by writing the equations in the invariant 
form f(iXdOh) = 0 we have shown that they are in a sense covariant. However, it is 
important to remember that the function H is, in general, only locally defined; in other 
words, there is no true Hamiltonian function, and the local representative H transforms 
in a non-trivial way under coordinate transformations. When M?r is a trivial bundle 
over J1r*, so that there is a predetermined global section, then the Hamiltonian section 
may be represented by a global function and no problem arises. This occurs when E 
is trivial over M. In general, however, there is no preferred section of MT over JUT* 
to relate the Hamiltonian section to, and in order to write the Hamilton equations in 
manifestly covariant form one must introduce a connection, as we shall explain below. 
For any Lagrangian L we have the following commutative diagram of Legendre maps. 
When L is hyperregular 3L is a diffeomorphism and we may therefore define a 
section h of p such that 
ho3L = FL. 
Then 
is the Cartan m-form associated with L, and a section o of E ---f M is a solution of 
the Euler-Lagrange equations for L if and only if 4 = 32 o jra is a solution of the 
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Hamilton equations for h. The local Hamiltonian function is given by 
in the usual way. 
3.7. Connections. A connection on a fibre bundle E r, M is a section y of its l-jet 
bundle nf: Jra + E; that is to say, a choice of complement to the vertical subspace 
V,E in T,E at each point y E E. With the aid of a connection we can define the 
covariant derivative of any section ~7 of E z M as follows. Take the l-jet jra of u: it 
is also a section of the affine bundle Jrn, and therefore jrcr - y (which measures by 
how far u fails to be horizontal with respect to 7) is a section of the underlying vector 
bundle VE @E r*T*M. Given any x E M and any t E T,M we define an element Vta 
of V,(z,E by 
VP = (I,jlc+) - Y(4). 
In coordinates, if y is given by 
y;” = r;a(xj, yp> 
then 
For any vector field X on M the resulting covariant derivative Vxu is a section of 
VE + A4 along u. 
A connection on E determines also a section of Mn + JIK*. Each fibre of Mn 
in this fibration is an equivalence class of affine functions on the corresponding fibre 
of Jln; the section of Jln given by the connection picks out a point of each fibre of 
that bundle; there is a unique member of the equivalence class of affine functions that 
vanishes at this point, and this defines the section. In terms of coordinates the section 
of MT + Jln* determined by 7 is given by 
p = -rqp:,. 
We may use this section of MT + Jlr* to pull back the multisymplectic form 0 to 
an m-form 0, on Jln*. The resulting form is given locally by 
0, = -IqpL CPX + p: dy” A dmvlXi = pL(d?f - JTqdXi) A dmmlX;. 
Suppose there is given a Hamiltonian section h of M -+ Jlr*. Then since M is an 
affine bundle over J~x* we may take the difference h -7, which is a semi-basic m-form 
on JIW*, and may therefore be written as A $‘*vol where i is a globally defined function 
on Jln*. Then 
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and the Hamilton equations for h may be written 
d*(ix(dO, + dh A r;*vol)) = 0. 
In coordinates the equations take the form 
dY” r? = - a” 
aPb, 
and 8P;, ;- 
q _ al; 
8X' 
E 
z+pj---* 
Pay" dyff 
4. Group actions on multisymplectic manifolds 
4.1. Hamiltonian vector fields. Suppose given a manifold M together with a closed 
(m+ 1)-form R defined on it. We shall call such a structure a multisymplectic manifold. 
(Strictly speaking there should be further restrictions on R of an algebraic nature for 
this term to apply. However, the constructions of this section work for an arbitrary 
closed (m + 1)-form, while the next section is concerned only with canonical situations, 
so these restrictions serve no useful purpose in the present paper.) 
A transformation 4: M + M will be called canonicaE if it preserves the multisym- 
plectic form 0, that is if @+!2 = R. A vector field X on M will be called a ZocaZZy 
Hamiltonian vector field if X is an infinitesimal symmetry of R, that is if ,CxR = 0, or 
equivalently if ixR is closed. It is clear that a vector field X is locally Hamiltonian if 
and only if its flow consists of (local) canonical transformations. We shall say that a 
vector field X on M is globally Hamiltonian, or just Hamiltonian, if ix0 = df, where 
f is an (m - 1)-form on M; and we shall say that f is a Hamiltonian form on M. 
The commutator of two locally Hamiltonian vector fields X,Y is a Hamiltonian 
vector field, because ilx,yls2 = d(ixiySl), and consequently the set of all Hamilto- 
nian vector fields on M is an ideal in the Lie subalgebra of all locally Hamiltonian 
vector fields. The correspondence between Hamiltonian forms f and Hamiltonian vec- 
tor fields X given by 
ix0 = df 
is well defined modulo characteristic vector fields of R, because if X,Y are two vector 
fields such that ix0 = iyf2 = df then clearly i(x_+ = 0. Furthermore, the charac- 
teristic vector fields of R form an ideal in the Lie algebra of Hamiltonian vector fields, 
since if X is Hamiltonian and Y is characteristic then i[X,y]R = d(ixiyQ) = 0. The Lie 
algebra of Hamiltonian vector fields modulo characteristic vector fields will be denoted 
by Ham(M, 0). 
Two Hamiltonian forms f, g on M, differing by a closed (m - 1)-form h, correspond 
to the same class of Hamiltonian vector fields, denoted by Xf. In particular, addition 
of an exact (m - 1)-form does not change the Hamiltonian vector field associated to a 
given Hamiltonian form. The set of Hamiltonian forms on M modulo exact (m - l)- 
forms will be denoted by 3_I(M, 52), and it is clear that the bracket of two Hamiltonian 
forms f, g defined by 
{f,g} = ix,ix,Q 
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induces a Lie algebra structure on H(M,R), because a straightforward computation 
shows that 
{{f,g},h} + cyclic = d(ix,ix,ixhR). 
The preceding remarks shows that we have the following short exact sequence of Lie 
algebras associated to any multisymplectic manifold (M, fl) 
0 --+ H(“-1)(M) 4 H(M, R) 5 Ham(M, R) + 0. 
The map X is defined by ix,R = df for any Xf E X(f), and X is actually a Lie 
algebra homomorphism because 
The module H(“-l)(M) should b e considered as an abelian Lie algebra. 
4.2. Multimomentum maps. Let G be a Lie group with Lie algebra G, and let 
4: G x M + M be an action of G on the multisymplectic manifold M preserving the 
multisymplectic form R. If [M denotes the vector field on M associated with [ E G by 
the action, it is clear that ltMR = 0. We will assume that 4 is such that the vector field 
<,+t is not only locally Hamiltonian but Hamiltonian, with Hamiltonian form ft. The 
map sending e E G to &, which will be denoted by 4, is a Lie algebra homomorphism. 
It defines a class in the second cohomology group of G with values in H(m-‘)(M), as 
we now show. 
/c f 4 X 
O- dm-l)(M) 2 X(M$) - Ham(M,fl) - 0 
Any lifting f: E + ‘FI(M, Sz), as shown in the diagram above, defines a 2-cocycle c 
on &7 with values in H(“-l)(M) by means of 
{fbf,> - f[h] = cm). 
Notice that c([,q) is a closed (m - 1)-form; and because ft is defined modulo exact 
forms we can think of c(~,Q) as an element of H2(6, Id”-‘)(M)). Conversely, for any 
class [c] E H2(g, dm-‘)(M)) we have the central extension G, = G @ H(“-l)(M) 
with the Lie bracket 
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and the lifting fC: 6, --f ‘H(M) Sz) defined by fC([, cx) = ft which makes the following 
diagram commutative 
O- Hbd(M) - G, ----f G - 0 
II 4 1 6
o- dm-‘)(M) -% 3_I(M,R) 5 Ham(M,Q) - 0. 
The notion dual to the map f: G ---f 7_I(M, R) will be called a covariant multimo- 
mentum map, or simply the multimomentum map for the action of G on M. Thus the 
multimomentum map for the action of G on M is the map J: M + G* @ /j\“-‘(M) 
such that 
for all 5 E G. 
It is clear that for any g E G 
g*dK, J) = g*G~,$) = $,;lc,,(s*Q) 
= i(adg-lt)Mfl = d(adg-r[, J). 
Thus for each t E G 
d(g*(l, J>> = d(5, CoadgJ) 
g*J = coadgJ modulo a closed G*-valued (m - 1)-form, 
or 
g*J = coadgJ + g(g) with e(g) E Q* ~3 P-l(M), 
where Z”-’ (M) denotes the set of closed (m - 1)-forms on M. The following compu- 
tation shows that 19: G --f G* @ P-l(M) d e fi nes a 1-cocycle on G with values in the 
G-module G* @ Zm-1(M). Let gr,g2 be any elements in G; then 
%m) = (gm)*J - coad(gm)J 
= dd J - coad(gm) J 
= d(coadgl J + Ql)) - coad(glg2) J 
= toad sl($J) + sf@(gl) - coad(glg2) J 
= cd g@(g2) + s,te(gl) 
where g* acts on the form part of J and coadg acts on G*. Obviously the tangent map 
To(e) to 8 at the unit element e of the group is a map To(e): Q -_, G* @ Zm-l(M) 
which can be identified with the 2-cocycle c defined previously. 
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4.3. Group actions and cohomology. In the previous section we have described 
the 2-cocycle c on 6 with values in H( “-l)(M). We shall now discuss some aspects of 
the cocycle c in terms of higher order cocycles of the Lie algebra 6. 
In order to understand better the significance of this cocycle we shall have to develop 
some cohomological machinery based in the double complex 
A** = $ Aplq, where /\‘, = Ap(M) @ A”(G). 
P8W 
Here Ap(M) d enotes the module of ordinary p-forms on the manifold M and A”(G) 
denotes the set of alternating multilinear maps on 6. We can arrange the modules /jpfq 
in a grid, with the index p lying on the z-axis and the index q on the y-axis. Clearly 
A”lq is the module of functions with values in A\“(G) and Apjo is the set of ordinary 
p-forms on M. Th ere are three coboundary operators acting on the double complex 
A**: two of them, d and 8, are independent of the action of the group G, while the 
third, 6, depends on the action of G on M. The operator d: Apfq + Ap+‘jq is the 
ordinary exterior differential on the complex of differential forms on M. On the other 
hand a: /jpYq + /jpVq+r is the Chevalley coboundary operator in the exterior algebra 
A*(G) of the Lie algebra 6. Finally 6: ApYq + /jpfq+’ is defined by the formula 
+ C(-l)"+j~([E;,~jl,~l,. ..&. ..,tj,. ..,S,+1) 
i<j 
for CY E ApYq, (1,. . . , tq+l E G, where ,Cei means the Lie derivative with respect to the 
vector field in M associated to &. It is clear that d and 6 both commute with d. We 
shall say that cr is a q-cocycle on G with values in Ap(M) if 6cy = 0. It is easy to check 
the following formulas: for a I-cocycle o 
while for a 2-cocycle w 
44L 77) - @4? 77) + Glw(t~ c> 
- w(L 47 77) + 45 77170 - w(K7 771,o = 0. 
Notice that the operator 6 restricted to constant differential forms coincides with 8. 
Now let us assume that (M, Cl) is a multisymplectic manifold and that the Lie group 
G acts preserving the multisymplectic form R. We shall use an adapted version of the 
tic-tat-toe lemma [4] to construct a family of (local) cocycles on 6. Because R is a 
closed (m + 1)-form there exists (locally) an m-form 8’ on M such that de0 = R. Let 
us define (at least locally) the element c1 E Am,’ by c1 = 60’. Then c1 consists of 
a family of closed m-forms on M, because dc ’ = d60° = SdB” = 60 = 0. Therefore 
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there exists (locally) a family of (m - 1)-forms 8l E A\m-171 such that de1 = cl. Let us 
define c2 E Am-112 by c2 = 60’. As in the previous discussion, c2 is a family of closed 
(m - 1)-forms, and locally there exists a family 19~ of (m - 2)-forms such that d02 = c2. 
Define c3 E flrnm2t3 as M2. Continuing in the same way, after (m- 1) steps we will get a 
family P-r of l-forms; cm = SP-’ will be a family of closed l-forms, 8” E A’?” will 
satisfy d6” = cm and eventually we will have found a family of functions 8” locally 
defined on M with values in /j”(G) such that de” = cm. Defining cm+l E fl”lm+l by 
cm+r = SOmfl, we find that, as before, dc”+’ = 0, which means that the cm+r are in 
fact constants. Furthermore SC m+l = 0; but 6 coincides with d on constant forms. As a 
consequence of all this we find that c m+l defines an ordinary Chevalley (m + 1)-cocycle 
on 6. 
A O,m+lim*O . . . t t 
0,m t?“- Cm- 0 . . , PA A R t33 t t A O,m-1 emrf Cm-l . . . . . . . . . 
6 I A.. . ., C- 2 .o & 
t I 
. . ._ e1 - c’d-.p 
I t s 6 
19°d_RL0 
d- /jm-l,OAm,O Am+l,o P 
Diagram: The double complex /\*I* 
In order to validate this construction we have to study what happens if we choose 
a different set of 0’s. So let 8’ be another locally defined m-form such that de0 = 52. 
Obviously, there is a closed m-form Do such that 8’ = 8’ + PO. Because j3’ is closed, 
there is (shrinking the domains if necessary) an (m - 1)-form o” such that do0 = /lo. 
Then 
cl = se0 = S0O + S/3’ = c1 + d(Sa") 
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and the cohomology class of c1 does not change. Because Z’ is a family of closed m- 
forms there is locally a family of (m- 1)-forms 8’ such that de1 = Z’. From the identity 
above we deduce that 
e* = @ + &X0 + pr 
where /?I is a family of closed (m - 1)-forms. Repeating the process, we choose a family 
of (m - 2)-forms a1 such that da1 = ,O1. We find that 
E2 = 68 = 6# + 660° + Sp’ = c2 + d@a’), 
and so the cohomology class of c2 is unchanged. Continuing this process, we show 
eventually that Cmfl = cm+* + Spm, where ,P is a family of closed O-forms, that is, 
constant functions on M. As a consequence, the Chevalley cohomology class of Em+’ 
is the same as the class of P+l. 
We shall now consider what happens to the family of cocycles {cl,. . . , cm+‘} when 
we consider a different action of the group G on the multisymplectic manifold M. Let 
us suppose that we have two different actions of G on M preserving the multisymplectic 
form R, and let us denote by g, G the canonical maps corresponding to the same element 
of the group with respect to the two different multisymplectic actions. We shall say that 
the two actions are equivalent if there exists a canonical diffeomorphism $X M ---f M 
such that $J o ij = g o $J Vg E G. In these circumstances it is obvious that + induces 
an equivariant isomorphism between the G-modules of k-forms on M corresponding 
to both actions, and it induces an isomorphism between the cohomology groups of G 
with values in the G-modules of k-forms. In particular this isomorphism becomes the 
identity on the subgroup Hm+‘(I;) of the group Hrn+l (G, A’(M)) leaving the class of 
cm+l invariant. 
We can summarize the above discussion as follows: if G is a Lie group acting in 
the multisymplectic manifold M preserving the multisymplectic m-form R then there 
is a correspondence between equivalence classes of multisymplectic group actions and 
families of classes {[cl], . . . , [cm+‘]} of cocycles of 6 with values in the cohomology 
groups H”(M) of M; in particular this correspondence assigns a class in H”+‘(G) 
to any multisymplectic group action, namely the (m + 1)-cohomology class cm+l on 
H”+‘(G). 
It is important to note that if any of the families 0” involved in the process of defin- 
ing cm+l vanishes then automatically cm+* = 0. I n particular, if R is exact, so that 
R = dO, and 0 is G-invariant, then crn+l vanishes. We shall find this situation in the 
multisymplectic description of Lagrangian field theory, where 0~ = dOL. The coho- 
mological properties of the action of any group of covariant canonical transformations 
preserving 0~ will depend exclusively of the invariance properties of the m-form 0~. 
This discussion will be continued in the sections to follow. 
5. Symmetries and gauge transformations 
5.1. Symmetries. This part of the paper is devoted to a discussion of the notions of 
symmetry, gauge transformation and Noether’s theorem in the setting of first order field 
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theories, using the geometrical background developed in Section 3 (the multisymplectic 
structure of Lagrangian first order field theories) and the general theory of symmetry 
for group actions on multisymplectic manifolds described above. 
The first thing to do is to specialize the general discussion about group actions on 
multisymplectic manifolds to the setting of Lagrangian and Hamiltonian field theo- 
ries. In what follows we shall be dealing with the canonical multisymplectic manifold 
(MT, Cl) arising from a bundle E 5 M and the multisymplectic manifolds (Jrr, 0~) 
and (Jrn*,Qh) that we get by selecting a Lagrangian L on Jra or a section h of the 
bundle Mn -+ Jln*. We shall call the first of these a Lagrangian system and the 
second a covariant Hamiltonian system or simply a Hamiltonian system. 
A covariant canonical transformation for a Lagrangian or a Hamiltonian system will 
be a canonical transformation, fibred over M, of Jrr or Jrr* respectively. A covariant 
Hamiltonian vector field X will be a projectable vector field on Jrn or Jrn* whose 
flow consists of covariant canonical transformations: or in other words a vector field 
X, projectable onto M, such that the Lie derivative with respect to X of s1~ or flh is 
zero. 
A symmetry of the Hamiltonian system (Jr?r*,flh) is a covariant canonical trans- 
formation !IJ on MT such that !P preserves the section h. Notice that 9 is fibred over 
J~K* because it is fibred over M, and consequently !P induces a transformation @ on 
Jrr* such that \Ir o h = h o G. If !P is a symmetry of (Jrr*,flh) then \k*Qh = flh and 
@ is a canonical covariant transformation of the multisymplectic manifold (Jrr*, oh). 
Let 4 be a solution of the Hamilton equations for the Hamiltonian system (Jrx*, ah), 
so that 4*(iYflh) = 0 for every vector field Y on J~K*. If @ is a symmetry then 
and @ o 4 will again be a solution of the Hamilton equations. 
We shall define a symmetry of a Lagrangian system (Jrn, L) in an analogous way 
as a canonical covariant transformation @ of the multisymplectic manifold (Jrr,fi~). 
In general, if CT is a solution of the Euler-Lagrange equations, so that jra*(iYflL) = 0 
for every vector field Y on Jrx, then clearly Q o jra is again a solution of the Euler- 
Lagrange equations in the sense that (a o jrg)*(iyfiL) = 0 for every Y; however, 
@ojra is not necessarily a jet extension again. But if Q is the first jet prolongation of an 
automorphism 4 of the bundle E + M, that is, if Q, = jr4, then clearly the transformed 
solution is again a jet extension of a section of E, because ip o jra = jr(4 o a). 
5.2. Current algebra. We shall discuss next how a group of symmetries of a Hamilto- 
nian system produces a family of conservation laws satisfying a precise current algebra. 
Let G be a group of symmetries of the Hamiltonian system (J~A*, fib). For any solution 
4 of the Hamilton equations and any element 5 E &7 we have 
0 = qS*(i+.Gh) = 4*(h*i~,rfl) = 4*h*dft = d((h 0 4)*fr). 
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Denoting by fr[4] the (m - 1)-form (h o 4)*jt on M, we have a map G + H”-‘(M) 
associating to any < E G the class of fr[4]. F or any solution 4 the bracket {a , .} 
in ‘,J-l(M, 52) induces a bracket in the currents fr[4] in H”-‘(M) associated to the 
elements of the Lie algebra of G by 
{fM, 9P4 = (h 0 4)‘lfY 91. 
The relation between the bracket {. , -} in the set of currents and the Lie algebra bracket 
[. , .] is obtained by a simple computation: on pulling back by 4 o h the commutation 
relations for fr and fi7 we have the following commutation rule for the two conservation 
laws f&d and f&4 
Choosing [, 7 from the elements of a basis {&} of G, we get 
where f;[+l = f<i [417 ;j ck are the structure constants of G and c&[+] are the components 
of c”[b] in the basis {t;}. The term ci”,[4] in the commutation relations above is called 
the anomalous term or also the Schwinger term of the theory and as we discussed before 
is part of a sequence of cocycles obtained from the action of the group of symmetries 
G on the multisymplectic manifold Mn. 
The above discussion can be rephrased saying that for any infinitesimal generator 
[ of a group G of symmetries of the Hamiltonian system (Jrr*, Oh) and any solution 4 
of the covariant Hamilton equations there exists a conservation law given by the class 
of (m - 1)-forms which contains fr[+]. Th e set of conservation laws has an induced 
Lie algebra structure which is an extension of the Lie algebra G by H”-l(M) with 
2-cocycle c2[+], c2[4] being the pull-back (h o 4) *c2 of the 2-cocycle c2 defined by the 
action of the Lie group G on MT. 
5.3. Noether’s theorem. Noether’s theorem may be stated precisely using the mo- 
mentum map associated with a group of symmetries of a Lagrangian or Hamiltonian 
system. As we showed in the last subsection, for any solution 4 of the Hamilton equa- 
tions we have a map from 6 into Hrn-’ (M) sending any infinitesimal generator of the 
group t to a conservation law fr[qb]. I n ac we can pull-back the whole momentum f t 
map J: MT + Am-l Mn 8 G* by the section ho 4 of Mn --) M, and on repeating the 
same argument as before we find that 
d(h o d)*J) = 0. 
The element (h o q5)*J E Hm-l(M) @I G’* will be denoted by J[q5]; Noether’s theorem 
simply states that J[qb] is a 6*-valued conserved current for any solution 4 of Hamilton’s 
equations. 
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The same statement holds when we consider Lagrangian systems (Jrn, a~). We can 
compute, the form of the conservation laws by noticing that, because CURL = 0, we 
have 
C@r, = P(I) 
with p(t) a closed m-form. (We shall shortly identify p as the 1-cocycle associated 
with the action of G on Jrr). This implies that 
&$L + 4&@L) = P(I); 
assuming that /3(t) is exact, so that p(t) = dht where ht is an (m - 1)-form on Jrn, 
we find that the class of the Hamiltonian form associated to 4 is given bv 
fr = -(<J1w@~) + ht. 
In general we cannot be more specific about the form of the conserved currents fr[j,a] 
for a solution (T of the Euler-Lagrange equations, but if the group of symmetries is in fact 
acting on JUT by prolongation of an action of G on E + M by bundle automorphisms, 
we can compute the form of J[jrcr] explicitly in terms of the Lagrangian L. As we 
shall show below, for such a symmetry group ,0(t) is actually a gauge form and ht is 
a (m - 1)-form on E. Moreover, for any o E .Jrlr 
This means that 
f&4 = Kc, %4) + h&4. 
5.4. Gauge transformations. We have defined gauge forms as closed affine semi- 
basic m-forms on Jrn. Notice that if X = Lar’vol is a gauge form then Rx, the Cartan 
(m+ 1)-form defined by X, vanishes identically. (It will be convenient in this subsection 
to label the Cartan form by the Lagrangian density rather than the function.) This is 
because when L is affine $k = L. Moreover, .%*O = x*0, and thus Rx = dOx = dX, 
which vanishes because X is closed. Conversely, if X = L~r*vol is a density for which 
Rx = 0 L must be affine, since 
as follows from the calculation in Section 3.5; and so 
d2L 
(Qy@ = O* f 
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Thus 0~ = dX = 0 as before, and A must be a gauge form. Thus the kernel of the 
Cartan operator X H Rx is just the space of gauge forms. 
Incidentally, to say that the Cartan (m + 1)-form of X vanishes is not the same 
as to say that the Euler-Lagrange equations of X are null. This is because there are 
non-vanishing Cartan forms for which (j1d)*s2x = 0 for every l-jet of a section of rr. 
This matter has been discussed by Hojman [14]. 
A transformation of Jrr which changes the Lagrangian density X by a gauge form 
y will be called a gauge transformation. Thus a gauge transformation !P is such that 
**A = x + y. 
Traditionally, for the discussion in the preceding subsection, gauge transformations 
have been identified with symmetries of the Lagrangian system, but it is not always 
the case that a gauge transformation is a symmetry. The reason for this apparent 
paradox lies in the fact that the construction of the Cartan form uses the geometrical 
structure of Jrn through the vertical endomorphism S. It is clear that if !Q is a gauge 
transformation of the Lagrangian density X, so that !l?*X = X + y, then 
%*A = R,l + R, = Rx. 
But in general it is not true that **Rx = RQ*~. In fact 
@*Ox = U*(X + S(dX)) = X + y f \Ir*(S(dX)) 
which in general does not differ from OQ*X by a closed form. 
There is a distinguished subset of gauge transformations, those that preserve the 
vertical endomorphism S, that is, those transformations !P such that QI,S = S!#*. 
They will be called in what follows natural gauge transformations. For a natural gauge 
transformation !IJ, we have (as a consequence of the computation above) 
@*@A = X + y + !P*(S(dX)) 
= X t S'J'*(dX) t y + S!@*(dy) 
= o,j -I- 0, 
and it immediately follows from this computation that for natural gauge transformations 
@*IRA = Rx. If u is a solution of the Euler-Lagrange equations, clearly 
(9 0 jra)*(ix%) = (jra)*!P*(ixflx) 
= (j,a)*(ixl\lr*0~) 
= (jra)*(ixJ-2~) = 0, 
where X’ = 9,-‘X, and consequently !J is a symmetry of the Lagrangian system. 
Thus we have proved that natural gauge transformations of the Lagrangian density X 
are symmetries of the Lagrangian system (Jrn,n~). 
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Let $: E + E be a fibred diffeomorphism, fibred over the identity, and let P = jr$ 
be its prolongation to Jrn. Then for any section cr of E f M, $ o o is a section of 
E 4 M again, and @ ojra = jr(+oa) is a l-jet section of Jrn + M. Moreover, for any 
vector field X vertical over E (over M), Q*X is also vertical over E (over M). Then 
it is clear that 9,s = S o KB*, and bundle automorphisms of E + A4 are the best can- 
didates for natural gauge transformations. For this reason gauge transformations that 
are prolongations to JUT of bundle automorphism are natural gauge transformations. 
In fact, it follows from the result of Section 3.4 that any natural gauge transformation 
of JUT which is fibred over the identity of A4 and which lies in a one-parameter group 
must be of this form. Moreover, this is the situation encountered in most physical sys- 
tems. The group of bundle automorphisms has itself been called the group of gauge 
transformations without any reference to any Lagrangian density, under the assump- 
tion that any reasonable and meaningful Lagrangian should possess this group as its 
group of natural gauge transformations. 
5.5. Cohomology and gauge transformations. Let G be a group of symmetries 
of the Lagrangian system (Jlr,cRx). As we know from the general discussion about 
symmetries and cohomology, this group has an associated family of cocycles {cl, c2, . . ., 
cm+‘}. The first element of this family, cl, is obtained by looking at the infinitesimal 
variation of 0,~ under the group G, that is 
2([) = C,& 
where ,Ct represents the Lie derivative of 0~ along the vector field on JUT associated 
with { E G. Let gt = exp te be the one-parameter group of transformations defined by 
[; then 
where crt is a one-parameter family of closed m-forms on Jln. Clearly, it holds cl(t) = 
d/d&e ot. Notice that ot need not to be a family of gauge forms. 
On the other hand, if G were at the same time a group of gauge transformations of 
(Jlr, fix), then 
where rt is a family of gauge forms on Jln. We shall obtain a 1-cocycle on 6 with 
values in gauge forms by means of 
where cl([) = d/dtlt,u yt; this is clearly a gauge form for all I. Notice that, as a 
consequence of the discussion in the previous subsection, the cocycles cL and El need 
not be the same unless G is a group of natural gauge transformations. If this is the 
case, from the computations above 
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and we find that 
cl(() = ?ry*c’([). 
In this case c’(S) is a family of closed m-forms on E. We can find (at least locally) 
a family @([) of ( m - 1)-forms on E such that de’([) = c’(t) and then define 
c2(S, V) = @‘(l, 7). W e h ave shown that c2 is precisely the cocycle that appears in 
the commutation relations for the currents fr associated with the infinitesimal genera- 
tors of the group G, and this discussion gives us the precise relation occurring between 
the invariance properties of Lagrangian densities and the anomalous terms appearing 
in the commutators of the corresponding conserved quantities. We can conclude that 
for groups of natural gauge transformations of the Lagrangian system (Jrn, 0~) there is 
a unique family of cocycles {cl, c2, . . . , P+r } with values in closed forms in E (notice 
that for general symmetries the cocycles take their values in closed forms on Jrr). 
It is remarkable that anomalous terms (2-cocyles) in the commutation relations of the 
current algebra of the group of symmetries of the Lagrangian could occur even for nat- 
ural gauge transformations, in contrast to the usual belief that anomalous terms arise 
because of the breaking of the gauge invariance of the theory. Of course the Lagrangian 
density has to be gauge covariant with respect to the group G in order to provide the 
1-cocycle c1 starting the sequence {cl, c2,. . . , cm+‘}. In spite of this the ordinary situa- 
tion in physics for the occurrence of anomalous terms in the commutation relations for 
the currents happens for groups of transformations that are not groups of gauge trans- 
formations of the Lagrangian. We could apply in a very similar way the cohomology 
theory developed above, starting with the 1-cocycle Cl([) = &0x(t), and proceeding in 
exactly the same way we would obtain a family of cocycles {Cl, C2,. . . , C”+2}. Some 
of the implications of this situation have been analysed in [5]. 
6. Some examples 
6.1. Classical mechanics. One of the supposed advantages of the formalism de- 
scribed in this paper is that it applies equally to classical analytical mechanics of par- 
ticles and to field theories. We shall therefore briefly indicate precisely how classical 
mechanics fits into the picture. 
The main point to recognise is that it is the time-dependent version of classical me- 
chanics that is relevant. This corresponds to m = 1, the base manifold M being R, 
representing the time axis; E = & x R is a trivial bundle over R, Q being the configu- 
ration space of the system; a section of E is just a curve in Q. Then J1r = TQ x R, the 
vertical endomorphism is a vector-valued l-form, namely the one described in [6], and 
the Cartan form is the usual one for time-dependent Lagrangian mechanics. Further- 
more MT = T*(Q x R) and the multisymplectic form fl is the canonical symplectic 
form on T*(Q x R). Since the bundle E is a product M is trivial over JIK*; the latter 
manifold can be identified with T*Q x Ilk, and a Hamiltonian section defines a Hamil- 
tonian function in an invariant way. The Hamilton equations are equivalent to the 
specification of the characteristic line-element field of the 2-form w - dH A dt, where w 
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is the standard symplectic 2-form on T*& (regarded as a form on T’Q x R). In fact if 
we regard the trivialisation of E + II% as defining a connection then the corresponding 
section of MT --f J~TT* is just given by p = 0, and the form d@, on Jrn* = T*Q x lR 
obtained by pulling back the multisymplectic form d@ is just o. 
The short exact sequence of Lie algebras derived in Section 4.1 becomes in this case 
0 + Ho(Q) 4 F(T*(Q x lit)) 4 Ham(T*(Q x R),fl) --t 0. 
In ordinary classical mechanics the cohomology class we get by carrying out the con- 
struction described in Section 4.2 is precisely the symplectic 2-cocycle defined by 
the symplectic action of the group G; this can be seen directly from the formula 
U&M - frr,Tl1 = c2([,q). This symplectic cocycle is in fact well defined even if the 
action is not Hamiltonian (in the sense that there do not exist globally defined Hamil- 
tonians for the elements of the Lie algebra of G). 
6.2. Scalar fields. The geometrical structure for scalar field theories is, in an obvious 
sense, dual to that for particle mechanics: it is based on the opposite fibration of Q x R, 
namely Q x R -+ Q. Then Jr7r = T*Q x RI, MT = T(Q x IR), and Jrn* = TQ x IR. The 
Hamilton equations may be written 
dy dH api dH 
:=------: 7=- 
8X’ aPz 
and 
i3X2 BY * 
6.3. The multisymplectic structure associated with a distribution. We have 
concentrated on the multisymplectic structure associated with a fibre bundle E 1 M. 
In fact the basic ideas behind this construction, namely the definition of Jrx in terms 
of sections of the short exact sequence of tangent spaces arising from the fibration, and 
the identification of the affine duals of the fibres of J~K + E with quotient spaces of 
covectors, work in a rather more general context. 
Let E be a differential manifold with a distribution V, that is to say a choice of 
vector subspace V, c T,E at each point y E E, of constant dimension over E and 
varying smoothly in the appropriate sense; in other words, 2) is a vector subbundle of 
TE. We do not assume that 2, is integrable (in the sense of Frobenius). Then at each 
point y E E we have a short exact sequence of vector spaces 
0 + VD, ct T,E --f T,E/V, + 0. 
Let C, be the space of splittings of this sequence: it is an affine space modelled on 
Lin(T,E/V,, V,). The collection of all such splittings, lJ, C,, is the total space of an 
affine bundle over E modelled on the vector bundle V @ TE/V; we call this affine 
bundle the virtual l-jet bundle of the distribution 2, and denote it by KD: JlV + E. 
The use of the term ‘virtual’ is supposed to indicate the similarity between JlV and a 
genuine l-jet bundle while recognising that there is no underlying ‘space-time’ manifold 
M in this case; perhaps it is the space-time that should be thought of as virtual. 
We may introduce coordinates on the fibres of JlV as follows. Suppose that V has 
codimension m. Let {t?}, i = 1,2,. . . , m, be a local basis for the characterising l-forms 
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for 27, so that (D,@) = 0. Extend {Oi} t o a local basis of l-forms for E by the addition 
of l-forms {8”}, Q = m+1,m+2,..., dim,!?. Then any complement to D, at any point 
y E E may be uniquely specified as the subspace of T,E simultaneously annihilated 
by l-forms (6” + yr@} for certain coefficients yr; and these coefficients may be used 
as fibre coordinates. Notice that this definition essentially proves the local triviality of 
JiD, by relating it to the existence of local bases of l-forms with appropriate properties. 
The construction of analogues of MIT and Jlr* proceeds in a straightforward way. 
In particular we may identify the space of affine functions on a fibre of J12) with a 
space of covectors on E, and are thereby led to consider the subbundle MV of A” E 
consisting of m-covectors w at all points y E E which satisfy 
iV1iVzw = 0 for all 211,2)2 E 23,. 
Such covectors take the form 
p0’A82A.. ./\e-+~p~8”A81A...8;...ABm 
i=l 
when expressed in terms of the basis of l-forms described above (where the overhat 
indicates omission of the corresponding l-form); thus (p,pg) will serve as fibre coordi- 
nates on MD. Furthermore, MD is a multisymplectic manifold with multisymplectic 
form defined exactly as in the case of a l-jet bundle. 
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